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Abstract 

The family hyperbolic metric for the plumbing variety {zw = t} 
and the non holomorphic Eisenstein series 2S(£; 2) are combined to 
provide an explicit expansion for the hyperbolic metrics for degenerat- 
ing families of Ricmann surfaces. Applications include an asymptotic 
expansion for the Weil-Petersson metric and a local form of symplectic 
reduction. 



1 Introduction 

A genus g, d punctured Riemann surface with 2g — 2 + d positive admits 
a complete hyperbolic structure. A family of marked hyperbolic structures 
degenerates provided there are closed geodesies with lengths tending to zero. 
Degenerating families provide an important means for investigating global 
quantities and the global geometry of the moduli space of Riemann sur- 
faces. Degenerating families also provide a means for investigating families 
of structures with boundary lengths tending to zero. Hyperbolic structures 
with geodesic boundary can be doubled across boundaries to form structures 
without boundary. The examinations are based on expansions for degener- 
ating structures. 

L. Bers considered certain degenerating families of marked hyperbolic 
structures [Ber74| . He found that away from collars about short geodesies 
the structures limit to hyperbolic structures with cusps with neighborhoods 
of cusps removed. Expansions have been presented for such degenerating 
families of hyperbolic structures. We combine the approaches of [Wol91, 
Wol90] to present an explicit expansion in terms of the hyperbolic met- 
rics (see ([2]) and ([3]) below) of fibers of the plumbing family Vq and the 
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non holomorphic Eisenstein series E(£; 2). Beginning with a Riemann sur- 
face R with a formal pairing of n pairs of punctures (additional unpaired 
punctures of R are permitted), we use the fiberwise gluing of Vo to R — 
{cusp neighborhoods} to construct a degenerating family {Rt}- We then use 
geometric-interpolation to combine the Vo fiber metrics with the R metric 
to form grafted metrics dg^. A counterpart interpolation the melding is in- 
troduced for the Eisenstein series. The construction differs from Thurston's 
grafting of projective structures for Riemann surfaces [Gol87| . We then use 
uniqueness properties for the prescribed curvature equation to show that 
the grafted metric and meldings combine to provide an expansion. 



Theorem. For a grafting cutoff function n and all t small the hyperbolic 
hyp 



metric dsi of R t has the expansion 



4 n n 

ds\ yv = d g ?{i + -j- E( lo s Nr 2 (4i + E U) + o(£0°8 N)~ 3 ))- 

k=l k=l 

The functions E^ 1 and E\ 2 are the meldings of the Eisenstein series E{-\ 2) 
associated to the pair of cusps plumbed to form the k collar. The O-term 
refers to the intrinsic C 1 -norm of a function on Rt- The bound depends on 
the choice of n and a lower bound for the injectivity radius for the comple- 
ment of the cusp regions in R. 

A length expansion is a first application. For the plumbing family {Rt} 
there is a comparison between fibers by domain inclusion of collar comple- 
ments. The comparison provides a setting for relating lengths for geodesies 
disjoint from the collars 

4W = 4(0) + ^j / (^,1 + ^,2)^ + 0(^4). 

k=i D Ja fc=i 

Similarly in [Wol94] Wolf's infinite energy harmonic map degeneration ex- 
pansion was employed with Eisenstein series to study the variation of eigen- 
values of the Laplacian. 

A further application is for the Kahler and symplectic geometry of the 
Teichmiiller space T of punctured Riemann surfaces with hyperbolic metrics 
[Ahl611 IBus921 [jT92l [Nag88l . The infinitesimal deformations of a surface R 



are represented by the Beltrami differentials 7i{R) harmonic with respect 
to the hyperbolic metric [Ahl61| . The cotangent space of T at R is Q(R) 
the space of holomorphic quadratic differentials with at most simple poles 
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at the punctures of R. The holomorphic tangent-cotangent pairing is 



0, <p) = 




for ji € TC(R) and cp £ Q(R). Elements of 7i{R) are symmetric tensors given 
as 7p(ds 2 )~ 1 . A Hermitian form for Tt(R) defines a Hermitian metric for 
Teichmiiller space. For /i, v € TL(R) and the hyperbolic area element dA the 
Weil-Petersson (WP) form is 

(H,u} WP = / [iv dA, |Ahl61] 
Jr 

and for R with punctures pi,...,pd and corresponding Eisenstein series 
Ex, . . . , Ed the Takhtajan-Zograf (TZ) form for the puncture pj is 

(h,v)tz, Pj = [ VvEjdA, [TZ88] . 

d 

The Takhtajan-Zograf metric is ^( , )TZ,pj- 

i=l 

The WP metric is Kahler and non complete with non pinched negative 
curvature. The metric has been studied extensively; see }Wol03l [W0IO6] 
for beginning references. The WP metric provides a complete CAT(0) ge- 
ometry for the augmented Teichmiiller space T l)\V()3l IWol03[ IYam04| . 
The mapping class group is the WP isometry group and the augmented 
Teichmiiller space is the closed convex hull of the set of totally noded Rie- 
mann surfaces MW02, WolQ3] . Degenerating families of hyperbolic metrics 
have been used to develop an asymptotic expansion for the metric and its 
curvature |DW03l IHuaarl IMas76l ILSY041 ILSY051 ISch931 IWol90l IWol03] . 

The TZ metric is Kahler and non complete |Obi99l lUbiOll ITZ88j . L. 
Takhtajan and P. Zograf introduced the metric in their investigation of the 
local index formula for d and the Quillen metric [TZ881 [TZ91j . The authors 
showed for punctured Riemann surfaces that the Chern forms for the deter- 
minant line bundles for families of (^-operators are sums of the WP and TZ 
Kahler forms [TZ91] . K. Obitsu, W.-K. To and L. Weng have used degener- 
ating families of hyperbolic metrics to develop an asymptotic expansion for 
the TZ metric |OTW06] . In the Deligne-Mumford moduli space of stable 
curves transverse to the divisor T> of noded curves the TZ metric is smaller 
than the WP metric. 

We apply the above hyperbolic metric expansion to refine the asymptotic 
expansion for the WP metric. Prior expansions [Mas76, OTW06, WolQ3] fo- 
cus on directions transverse to the divisor T>. We consider directions parallel 
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to T>. For the family {Rt} we express the expansion in terms of geodesic 
length with the expansion t = 2vr 2 (-log (il)" 1 + 0((log |t|)- 2 ) |Wol901 Ex. 
4.3]. 

Theorem. In the Deligne-Mumford moduli space of stable curves for tan- 
gent subspaces parallel to the divisor of noded curves the WP metric has the 
expansion for all small £ 

n „ 2 n 

< , ) P wT\Z) = (i , >TW + < > )T Z ,k,2)+OC£4) 

fc=l fc=l 

for the TZ forms for punctures paired to form the k th node. 

There are considerations for WP geometry. The augmentation locus of T 
is a union of closed convex strata |WolQ3l IYam04| . A complete convex subset 
of a CAT(0) space is the base of a projection [BH991 Chap. II. 2]. A stratum 
in T is described as the 0-level set for a collection a of geodesic lengths 
{4}fceo-- Distance to the stratum is given as (2ir J2k&a 4) 1,/2 + 0(J2kea tf/ 2 ) 
[Wol03[ Coro. 21] and [Woloml Coro. 4.10] with the projection distance non 
increasing. Accordingly the perturbation in Y2kea ^ °f ^he WP metric from 
the 0-level set is expected to be non negative. From the above parallel to 
the level set the initial perturbation is strictly positive. 

There are considerations for Kahler forms based on a second characteri- 
zation of TZ forms. For a holomorphic family of punctured Riemann surfaces 
the family of cotangent spaces along a puncture p defines a tautological holo- 
morphic line bundle ip p over the base of the family. The hyperbolic metric 
can be renormalized to define a metric || \\ re np f° r the cotangent space at 
the puncture. The Chern form for the family of cotangent spaces along the 
puncture p is given in terms of the TZ exterior 2-form ci(|| ||ren,p) = f^TZ.p 
[W6107]. The asymptotic expansion for Kahler forms becomes 

,Twp allel = ) W p(o)+J2^HM+ci^ k ,2))+o(J24)- (i) 

k=l k=l 

An application is for the volume of moduli spaces of bordered Riemann 
surfaces. M. Mirzakhani considered the moduli space M(bi, . . . , 6<j) of bor- 
dered Riemann surfaces with geodesic boundary components of prescribed 
lengths (bx, ■ ■ ■ , bd) |Mir07aj . The spaces M(bx, ■ ■ ■ , bd) form an (M>o) d bun- 
dle over M. the moduli space of genus g, d punctured Riemann surfaces. A 
Riemann surface with geodesic boundary and a point on each boundary is 
alternately described by a d punctured Riemann surface and a product of 
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d factors of S , a principal torus-bundle over a punctured Riemann sur- 
face. In |Mir07bl Sees. 3 & 4] Mirzakhani used symplectic reduction (for an 
(S 1 ^ quasi-free action following Guillemin-Sternberg) to provide a simple 
description for the family of WP Kahler forms 

3 

The expansion is a relation for cohomology classes on M and is presented 
for a general choice of principal connection for the S 1 bundles. Formula (H|) 
is a local form of the symplectic reduction. 



2 The plumbing family hyperbolic metric 

For a Riemann surface R with a finite area hyperbolic metric and punctures 
there is a natural cusp coordinate (with germ unique modulo rotation) at 
each puncture: at a puncture p, the coordinate z with z(p) = and the hy- 
perbolic metric of R given as ( | z | log |^| ) 2- ^ or ^ ne sur f ace uniformized by the 
upper half-plane EI with p represented by a width-one cusp at infinity then 
a loop once encircling the puncture corresponds to the deck transformation 
C — ► C + fj the- natural cusp coordinate is given as z = e 2m ^ for £ the natural 
H coordinate. 

We recall the construction of the plumbing family [WolQOj esp. Sec. 2.4] 
and the grafting of hyperbolic metrics [Wol90, esp. Sec. 3.3]. Considerations 
begin with the plumbing variety V = {(z,w,t) \ zw = t, \z\, \w\, \t\ < 1}. 
The defining function zw — t has differential z dw + w dz — dt. Consequences 
are that V is a smooth variety, (z, w) are global coordinates, while (z, t) and 
(w, t) are not. Consider the projection II : V — > D onto the t-unit disc. 
The projection II is a submersion, except at (z, w) = (0,0); we consider 
II : V — > D as a (degenerate) family of open Riemann surfaces. The t- 
fiber, t ^ 0, is the hyperbola germ zw = t or equivalently the annulus 
{|i| < \z\ < 1, w = t/z} = {\t\ < \w\ < 1, z = t/w}. The 0-fiber is the 
intersection of the unit ball with the union of the coordinate axes in C 2 ; on 
removing the origin the union becomes {0 < \z\ < 1}U{0 < \w\ < 1}. Each 
fiber of Vq = V — {0} — > D has a complete hyperbolic metric: 
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for t / 0, on {|i| < \z\ < 1} then 




(2) 



for t = 0, on {0 < \z\ < 1} U {0 < \w\ < 1} then 




The family of hyperbolic metrics (ds^) is a continuous metric, degenerate 
only at the origin, for the vertical line bundle of V. In particular we have 
the elementary expansion 



Consider R a finite union of Riemann surfaces with punctures. A plumb- 
ing family is the fiberwise gluing of the complement of cusp neighborhoods 
in R and the plumbing variety V = {(z,w,t) \ zw = t, \z\, \w\, \t\ < 1}. 
For a positive constant c* < 1 and initial surface R, with puncture p with 
cusp coordinate z and puncture q with cusp coordinate w, we construct a 
family {Rt}- For \t\ < c\ the resulting surface Rt will be independent of c*; 
the constant c* will serve to specify the overlap of coordinate charts and to 
define a collar in each Rt . 

We first describe the gluing of fibers. For \t\ < c£, remove from R the 
punctured discs {0 < \z\ < \t\/c*} about p and {0 < \w\ < |£|/c*} about q to 
obtain a surface R^/ Ct |Wol90l Sec. 2.4, second parag.]. For t ^ 0, form an 
identification space Rt, by identifying the annulus {|£|/c* < \z\ < c*} C R*/ Ct 
with the annulus {|i|/c* < < c*} C R* t j c by the rule zw = t. The 
resulting surface Rt is the plumbing for the prescribed value of t. We note 
for \t\ < \t'\ that there is an inclusion of R\i c in R# / c the inclusion maps 
provide a way to compare structures on the surfaces. The inclusion maps are 
a basic feature of the plumbing construction. We next describe the plumbing 
family. Consider the variety V c , = {(z,w,t) \ zw = t, \z\, \w\ < c*, \t\ < c^} 
and the disc D Ct = {\t\ < c^}. The complex manifolds M = Rt/ Ct x D Ct and 
V Ci have holomorphic projections to the disc D Ct . The variables z, w denote 
prescribed coordinates on and on V c , . There are holomorphic maps of 




7T log | Z 



log |* 



(3) 
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subsets of M to V c », commuting with the projections to D Ct , as follows 



(z,t) — > (z,t/z,t) and — ► (w,t/w,t). 

The identification space f = MU V c „/{-F,G equivalence} is the plumbing 
family {Rt} with projection to D Cit (an analytic fiber space of Riemann 
surfaces in the sense of Kodaira [Kod86p . For < \t\ < c%, the t-fiber of T 
is the surface Rt constructed by overlapping annuli. 

The hyperbolic metric ds 2 of R restricted to R* can be combined with 
the fiber hyperbolic metric ds 2 of V restricted to V c 2 to provide an approx- 
imation, the grafted metric, to the hyperbolic of R t , [WolQQl Sec. 3.3]. To 
this purpose select 17(a), a smooth function, identically unity for a < ao < 
and identically zero for a > 0. (We further restrict t to satisfy e 2a °c 2 > \t\.) 
For the variable z denoting the cusp coordinate of R%/ c and the fiber co- 
ordinate for V c „ define a smooth metric in a neighborhood of {\z\ = c*} by 
the rule 

dg 2 = {ds 2 f-\ds 2 t f with V = 77(]og([*|/c)); 

and similarly in a neighborhood of {|to| = c*} (for a Riemann surface a 
metric is a section of an R + -bundle with structure group M x ; the geometric- 
interpolation is well defined). In the collar bands {e a °c* < \z\ < c*} and 
{e a °c* < \w\ < c*} the grafted metric dg 2 is the geometric-interpolation of 
the two metrics. Away from the collar the grafted metric is prescribed as 
ds 2 , the R hyperbolic metric, and in the complement of the bands in the 
collar the grafted metric is prescribed as ds 2 . 

The grafted metric is the combination of the metric ds 2 for R*, and 
the fiber metric ds 2 for V c 2. The basic relation ds 2 = c?Sq(0csc0) 2 for 
= ^n|r for the fiber metrics of V provides that ds 2 is real analytic in 
e = fag i t i ; locally for nonzero z. For £ the coordinate for H and = ^ 

the relation provides ds 2 = dsg(l + ^(log |t|)" 2 (9C) 2 + 0((log |i|)~ 4 )) a 
presage of the expansion in the next section. The construction of the grafted 
metric is motivated by two important properties: for t small, dg 2 = ds 2 (l + 
0((log |i|)~ 2 )), and in the collar core dg 2 coincides with the fiber metrics for 
V. Importantly the curvature of the grafted metric is identically —1 on the 
complement of the collar bands, and satisfies in the collar bands 



^graft = "I " f A + °^ W 



6 

for A = JL^J^rj), for a = log \z\, log \w\, [Wol901 Sec. 3.4.MG, Def'n 3.8]. 
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The construction of the grafted metric is local for a pair of punctures. The 
considerations apply for plumbing multiple pairs of punctures. 

3 The special truncation of E((; 2) 

The Eisenstein series E(£; s) for s = 2 plays a central role in our consider- 
ations. We begin with standard estimates. For a Fuchsian group T, with 
the stabilizer of infinity the group of integer-translations T%, consider the 
relative Poincare series 

E((;2)= (9^(0) 2 ,ES3 Esa . 
Aer z \r 

The function (9C) 2 on H is an eigenfunction of the hyperbolic Laplacian 
with eigenvalue 2. The above series is associated to the cusp at infinity. 
In general eigenfunctions ip on EI with eigenvalue A satisfy a mean-value 
property; consequently for eo positive an eigenfunction (p satisfies 

HCo)\ < c(e ,A) / \tp\dA 

JB(Co;e ) 

for B the metric ball and dA the hyperbolic area element |Fay77| . A conse- 
quence is that the Eisenstein series converges locally uniformly on H. Uni- 
form bounds for the Eisenstein series are also a further consequence. To this 
purpose we consider the injectivity radius of the projection to H/T of a point 
£. The cusp region {S£ > 1} is precisely invariant by T: the translate of the 
region by an element of T is either disjoint from the region, or coincides with 
the region and the transformation is an integer-translation. Accordingly for 
> 1 the injectivity radius of the image point on M/T is approximately 
(23^) . Accordingly a point of H/r with injectivity radius at least eo has 
lifts with T-orbit contained in {2Q£ < £q }; the bound is uniform among 
all Fuchsian groups with stabilizer of infinity T%. Accordingly there is a 
universal bound at points with injectivity radius at least eo 

£(Co;2) <c(e ) / EdA 

JB(( ;e /2) 

< c(e ) f (%() 2 dA < c(e ) f d£ 

JU A€rzXr A(B(C ;e /2)) J2SC<e £ o/ 2 £- 1 ; 0<3?C<1 

for d£ the Euclidean area element. We are interested in bounds for all cusp 
regions of M/T uniform in T. By successive conjugations of T, the cusps of T 



S 



can be represented at infinity with stabilizer Y%. For a cusp so represented 
at infinity, the quotient space {9£ > 1}/Tz embeds in H/r to determine a 
cusp region. Cusp regions for distinct cusps are disjoint. 

The Eisenstein series, transformed for a cusp represented at infinity, has 
the expansion 

E(C,2) = 5 00 (Z() 2 + e(() 

with 5oo the indicator for the defining cusp for the series, and e(£) bounded 
as O^^sC) -1 ) f° r Q'C large [Bor971 IVen90| . We write E* for the discontinuous 
function that satisfies E*((; 2) = E((; 2) - (Q() 2 for the cusp region defining 
the series represented at infinity and that otherwise agrees with E. 

Lemma 1. For £ the M coordinate and a cusp represented by a width- one 
cusp at infinity the derivatives of order at most k of E* for 3^ > 2 are 
bounded as 0((9C) _1 ). The bound depends on k but is independent ofT. 

Proof. The supremum bound is the main consideration. For the metric ball 
of radius ^, the mean- value estimate provides that E* is suitably bounded 
on 9£ = |. Accordingly for a suitable positive constant c we have that 
-c(QC)" 1 < E* < c(^C)" 1 on = | with E* and (9C) _1 each vanish- 
ing at infinity. The pair of functions E* and (Q'C) -1 are eigenfunctions 
of the hyperbolic Laplacian with the positive eigenvalue 2. By the maxi- 
mum principle E* — c(S£) _1 , resp. E* + c(Q ! C) _1 , realizes its maximum, 
resp. minimum, on the boundary of the domain {^C > §}, [CTOlj . Real- 
ized at infinity the maximum , resp. minimum, is zero. The supremum 
bound — c(^C) -1 < E* < c(9(")~ 1 for > | is a consequence. The 
bound for the derivatives of E* will be a consequence of the supremum- 
bound interior estimates I5.)S(i 1. Chap. 5] and the eigenequation. In 
particular for B C M 2 , a bounded domain, and Bq CC B there exists 
a constant c = c(B,Bq) such that for A the Euclidean Laplacian then 
||-P||l,Bo — c (ll-f||o,B + || A-PHo.b)) where || ||j. is the Euclidean C fc -norm 
for a domain, [BJS64| Chap. 5]. To make the desired analysis, Euclidean 
translate E* to a fixed ball. The C 1 -bound immediately follows from the 
eigenequation. More generally, for A m = g^ p g^ m - p ; a derivative of order m, 
we have that AA m £* = A m AE* = A m 2(%()- 2 E* . It follows that AA m E* 
is bounded in terms of the derivatives of E* of order at most m. We proceed 
by induction and apply the interior Schauder estimate to obtain bounds for 
the derivatives of order at most m + 1 in the cusp. □ 

We are now ready to introduce a special truncation of the Eisenstein 
series given a specification of r\ and the parameters c* and t as above. 
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Definition 2. The special truncation E# of the Eisenstein series is given 
by modification in the cusp regions. For the cusp defining the series where 

£(C;2) = (9C) 2 + e(C), 

define for Q( > 1 and % = 1 — r], 

E*((; 2) = x(-2^9C - logc*)(9C) 2 + x(~^C + (lo gG ,/|t|) + a )e(Q, 
and for a remaining cusp represented at infinity define for Q( > 1, 
E#(C; 2) = x(-2vr9C + log(c*/|t|) + a )E((; 2). 

It is important that for the change of variables —2^9^ = log | ^ | , the 
function J^x( — 2ttQ( — logc*) has support in the band {e a °c* < \z\ < c*} 
and the function J^x( — 2n^C + l°g( c */l*l) + °o) has support in the band 
{|*|/c* < |z| < e- ao |t|/c*}. 

We return to the plumbing construction. Consider R a finite union of 
Riemann surfaces with punctures and E the Eisenstein series for a cusp 
p. Consider the family {Rt} given by plumbing n pairs of cusps. Each 
surface Rt, t = (ti, . . . ,t n ), is obtained by identifying n pairs of subannuli 
for cusp regions. We first extend the special truncation E& by zero on the 
components of R not containing p. We are ready to define the melding E^ 
of Eisenstein series and analyze (D gra f t — 2)EK For cusp coordinates z,w 
of R and constant c* < 1 the punctured discs {0 < \z\ < |t|/c*}, {0 < \w\ < 
|t|/c*} are removed and the annuli {|i|/c* < \z\ < c*}, {|i|/c* < \w\ < c*} 
are identified by the rule zw = t to form a collar. For z = e 2nt< *, (el, the 
identified annulus is covered by {log(|i|/c*) < — 2ir^( < logc*}; the primary 
collar band {c*e ao < \z\ < c*} is covered by the strip {logc* + ao < — 2-7r9( < 
logc*}; the secondary collar band {|i|/c* < \z\ < |i|e _a °/c*} is covered by 
the strip {log(|t|/c*) < — 27rS>C < log(|t|/c*) — ao}- The extended E# has 
support in the z,w cusp regions contained in {\z\ > |t|/c*} U {\w\ > \t\/c*}. 
We define the melding E' on Rt of the Eisenstein series associated to p to 
be: given on each pair of identified annuli by the sum of values of E& at z 
and at w = z/t on the overlap of {|t|/c* < \z\ < c*} and {|i|/c* < \w\ < c*}, 
and equal to E# on the complement of the identified annuli. The melding 
is a smooth function. 

Lemma 3. Relative to the grafted metric and the prescribed coordinates the 
melding E^ satisfies 

~ 2)E* = i^A + 0((- log It))- 1 ) 
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with the remainder term referring to the C°-norm of a function supported 
in the collar. 



Proof. The grafted metric is given as dg 2 = (ds 2 ) J? (ds|) r) for ds 2 the hy- 
perbolic metric of R and ds 2 the fiber hyperbolic metric of V. We analyze 
the contributions of the metrics dg 2 , ds 2 and ds 2 and the contributions of the 
truncation of the Eisenstein series. On the collar complement the grafted 
metric coincides with ds 2 and = E is annihilated by the operator. The 
quantity (D gra f t — 2)E^ is supported in the collar. 

We consider separately the contribution of E& on the z and w annuli. We 
first evaluate (D gra f t — 2)E# on the cusp region defining the series. On the 
primary and secondary collar bands we have uniformly that dg 2 = ds 2 (l + 
0((log |t|)~ 2 )); D gra ftE& can be replaced on the collar bands with DfE^ 
and a remainder. The remainder for the primary band is suitably bounded, 
and the expression for the secondary band will be considered below. We 
find with the relations ds 2 = ds§(0 esc G) 2 for = ^ff-, z = e 2 ^ , ( = 

x + iy, the hyperbolic Laplacian D = y 2 (-^j + and the expansion from 
Definition [2] for the truncated Eisenstein series for Q£ > 1 

E* = (I - Vl )y 2 + (I - m )e(Q 

that 

(A - 2)E* = (Q- 1 sin©) 2 DE* - 2E* = 

(0-1 sin0) 2 (2£# - 4,3^1 _ y *pl - 2y 2 ^l^ - y 2 e( C )f?) - 2E* 

oy Oy z oy oy oy z 

=A+B+C 



for 



A = ((G" 1 sin O) 2 - 1)2E*, B = -(0" 1 sin ©)W^ + y 4 ^) 
and 

We consider the quantities A, B and C in order. From Lemma [1] E& has 
magnitude 0(y^ 1 ) for y large, and since —2i\y = log \z\, = ^njr then E$ 
is bounded as 0((log | i | ) 1 G> 1 ) . Since _1 ((0 _1 sin O) 2 — 1) is bounded for 
< < 7T, it follows that A has magnitude 0((— log as desired. The 
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support of B is contained in the primary collar band where (0 _1 sinG) 2 = 
1 + ((log |i|)~ 2 ). Thus the quantity B is given as — ^(y 4 ^) and a suitable 
remainder. Since —2iry = log|z| it further follows from Q that B is given 
as +4 A and a suitable remainder, as desired. The support of the third term 
C is contained in the secondary collar band since the derivatives of 772 are 
factors. On the support, the difference between —2iry = log|z| and log \t\ 
is bounded; on the support = it + 0((— log and (6 _1 sin6) 2 is 

bounded as 0((log |t|) -2 ). By Lemma [T] on the support of a derivative of 
772 the quantity (2y 2 || + y 2 e) is bounded as 0(— log \t\). The quantity C is 
bounded as 0((— log l^l)" 1 ), as desired. 

On a remaining cusp region for identification = e(Q with e(£) 
bounded as 0(y~ l ) and in the above notation (Dt — 2)E& = A + C. The 
above considerations apply to provide that the evaluation is bounded as 
0((— log The melding is given as the sum of values of E& for 

pairs of cusp regions and thus has the desired expansion. □ 

We continue to consider R a finite union of Riemann surfaces with 
punctures and {Rt} the family given by plumbing n pairs of cusps. For 
t = (ti, . . . ,t n ), |tfc| < cj, the Riemann surface R t is independent of the pa- 
rameter c*. We will use the intrinsic C 1 -norm: for / a differentiable function 
set H/llc 1 = su Pr I/I+ su Pt_r \{ds 2 )~ 1 l 2 df \. We present the degeneration ex- 
pansion for the hyperbolic metric. 

Theorem 4. Given a choice of c* < 1 and a cutoff function r\, then for all 
t small the hyperbolic metric ds 2 iyp of Rt has the expansion 

a 4 n n 
ds 2 hyp = dg 2 (l + JL £(log Nr 2 (4 x + E{ 2 ) + 0(^>g |t,|)- 3 )). 

k=l k=l 

The functions E^ 1 and E^ 2 are the meldings of the Eisenstein series E(-; 2) 
associated to the pair of cusps plumbed to form the k th collar. The O-term 
refers to the intrinsic C x -norm of a function on Rt- The bound depends 
on the choice of c*, n and a lower bound for the injectivity radius for the 
complement of the cusp regions in R. 

Proof. The expansion is the combination of Expansion 4.2 |W6190[ pg. 445] 
with expansion and Lemma [3] above. We follow the approach of the cur- 
vature correction equation [W6190, Sec. 4.2]. The approach remains valid for 
surfaces with punctures and compactly supported curvature perturbations. 
From equation (4.3) and Lemma 4.1 of [Wol90] ds\ = dg 2 (l + 2(D graft - 
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2) _1 (1 + K graft) + Ofc(||l + K g ra ft \\ 2 ))- The remainder terms for (jU) and 
Lemma [3] above are supported in the plumbing collar bands; for a collection 
of plumbings the combined remainder terms have compact support away 
from the collars in the plumbed surface. From Estimate A. 2 and A. 3 of 
[Wol90, pg.467] the (^-intrinsic norm of the operator (D gra f t — 2) 1 applied 
to the remainder terms has norm bounded by the C°-norm of the remain- 
der terms and vanishes at any additional punctures (the bound does not 
depend on the injectivity radius of the support). Now combining expan- 
sion (j3J) and Lemma [3] with the uniqueness of solutions of {D gra ft — 2)it = 
v with u vanishing at punctures, we find 2(D gra f t — 2) _1 (1 + K gra f t ) = 

E fe ^(iog|t fc i)- 2 (4 1 +4 2 +o((-io g |t fc |)- 1 )). ' ' □ 

Comparison to the infinite energy harmonic map expansion. 

For sake of comparison it is instructive to write the metric expansion in 
terms of the length £ = 2vr 2 (- log (il)" 1 + 0((log |i|)" 2 ), |Wol901 Ex. 4.3], of 
the geodesic of the ds 2 fiber metric of V 

ds\ yp = dgi + (4,1 + 4,2) + 0(£ 3)) • 



M. Wolf's infinite energy harmonic map parameterization of the plumbing 
family provides that 

ds 2 hyp = ds 2 + J24(\mk,i + <M + \{E ktX + E K2 )ds 2 ) + OC£4), 

k k 

where &k,i and §k,2 are holomorphic quadratic differentials with unit residue 
for the cusps paired for the k th -node [Wol91j esp. Cor. 5.4]. The two expan- 
sions are similar in spite of the different contexts. The grafting expansion is 
given in terms of a metric on each surface Rt and the comparison between 
metrics is by conformal inclusion maps. Wolf's expansion is in terms of 
a family of metrics on R and the comparison between fibers is by infinite 
energy (non conformal) harmonic maps. The appearance of holomorphic 
quadratic differentials is attributed to a difference of gauge. We found in 
|Wol94] for a closed geodesic a of R and $ the holomorphic wt. 4 Eisenstein 
series (the Tz-coset sum of {dC) 2 for the cusp represented at infinity) that 

f E((;2)ds = 3 ! §{ds)- 1 . 

J a J a 

Each approach for the expansion gives for the length of a closed geodesic 
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disjoint from plumbing collars 



k Ja k 

in agreement with [Wol94[ formula (1.9)]. The positivity of the variation 
of length is a basic property of degeneration; see also expansion ([3]). The 
positive order 2 variation in £ corresponds to the positive remainder term 
for the pairings of WP gradients of length functions, [Wolom] . 



4 The WP degeneration expansion 

We apply the expansion for the hyperbolic metric to develop a degenera- 
tion expansion for the WP metric. We identify the leading term, a general 
remainder term third-order in distance, and for directions parallel to the 
divisor of nodal curves we identify the TZ metric as the fourth-order term 
in distance. We first describe local coordinates for the deformation space of 
a Riemann surface with nodes and punctures. We employ a modification of 
the standard coordinates [ Ber74 , Mas7(i and combine the formulation and 
the expansion for the hyperbolic metric to present a refined form of Masur's 
expansion of the WP metric. 

We continue with discussion of the plumbing variety V and consider in- 
finitesimal variations of the fibers. To illustrate a general point we first take 
c* = 1 and consider a fiber {\t\ < \z\ < 1}. The parameter t is a bound- 
ary point of the annulus. The boundary points t, 1 will be included in the 
data for gluings. To describe the variation of annuli with boundary points, 
we now specify a quasiconformal map £ from the pointed i-annulus to the 
pointed i'-annulus Q{z) = zr^ r,t '\ z = re td , with ^ compactly supported 
in the annulus. The boundary conditions are C(l) = 1> and by specification 
) = t 1 . On differentiating in t' and evaluating at (|t|,£) we find the 
boundary condition t log \t\ /3(|t|, t) = 1. The infinitesimal variation of the 
map is the vector field Q{z) = z log r $(r, t) for the first i-derivatives. 
The map C varies from the identity and has Beltrami differential 

d( = ^-^—($(r,t)logr)^. (5) 
2z oiogr az 

For sake of later application we evaluate the pairing with a quadratic differ- 
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ential z a (^f, 

[ BCz a {-) 2 d£= [ f-O—tf^dS 

J{\t\<\z\<i} z J{\t\<\z\<i} Zzzdlogr 

where for a = 0, then 

i _ -vr (6) 



= 7T f3 log r 

and otherwise, then 
= 0, 



1*1 * 



for d£ the Euclidean area element and where we have applied the boundary 
condition for 0; the evaluation involves fixing a normalization for the Serre 
duality pairing and agrees with [Mas76^ Prop. 7.1]. 

We recall the description of families of Riemann surfaces with nodes 
[Ber74l IMas76l IWol90] . A Riemann surface R with nodes and punctures 
is a connected complex space, such that every point has a neighborhood 
isomorphic to either the unit disc in C, the punctured unit disc in C, or the 
germ at the origin in C 2 of the union of the coordinate axes. The points with 
punctured disc neighborhoods are primary punctures. R is stable provided 
each component of R — {nodes} has negative Euler characteristic, i.e. has 
a hyperbolic metric. A regular ^-differential on R is the assignment of a 
meromorphic ^-differential Qj for each component Rj of R — {nodes} such 
that: i) each 0* has poles only at the punctures of R* with orders at most k, 
ii) poles at primary punctures have order at most k — 1, and iii) if punctures 
p, q are paired to form a node then Res p O* = (— l) k Res q Q* [Ber74| . 

We recall the deformation theory of Riemann surfaces with punctures 
and then with nodes. A deformation neighborhood of the marked surface 
R is given by specifying smooth Beltrami differentials v\, . . . , v m spanning 
the Dolbeault group H ( ^ 1 (R, £((kpi • • -pd)^ 1 )) for k the canonical bundle of 
R (the closure of R) and pi, ■ ■ ■ ,Pd the point line bundles for the punctures 
[Kod86| . For s £ C m set u(s) = Ylk s k l 'k] for s small there is a Riemann 
surface R u ^ and a diffeomorphism £ : R — > R u ^ satisfying dC, = z^(s)<9£. 
The family of surfaces {R u ^} represents a neighborhood of the marked 
Riemann surface in its Teichmiiller space. The Beltrami differentials can 
be modified a small amount so that in terms of each cusp coordinate the 
diffeomorphisms £^( s ) are simply rotations [Wol92j Lemma 1.1]; £^wis a 
hyperbolic isometry in a neighborhood of the cusps; cannot be complex 
analytic in s, but is real analytic. We note that for s small the s-derivatives 
of u(s) and u(s) are close. We say that preserves cusp coordinates. The 
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parameterization provides a key ingredient for obtaining simplified estimates 
of the degeneration of hyperbolic metrics and an improved expansion for the 
WP metric. 

We describe a local manifold cover of the compactified moduli space 
M.. For R having nodes and punctures, Rq = R — {nodes} is a union of 
Riemann surfaces with punctures. The quasiconformal deformation space 
of Rq, Def(Ro), is the product of the Teichmuller spaces of the components 
of Rq. As above for m = dim Def(Ro) there is a real analytic family of 
Beltrami differentials £(s), s in a neighborhood of the origin in C m , such that 
s — > R s = R u<yS ^ is a coordinate parameterization of a neighborhood of Rq in 
Def(R) and the prescribed mappings preserve the cusp 

coordinates at each puncture. For R with n nodes we prescribe the plumbing 
data (Uk, Vk, Zk,Wk,tk), k = 1, . . . , n, for R u ( s \ where Zk on a neighborhood 
tTfc and on a neighborhood 14 are cusp coordinates relative to the R v ( s >- 
hyperbolic metric (the plumbing data varies with s). The parameter tk 
parameterizes opening the k th node. For all i& suitably small, perform the 
n prescribed plumbings to obtain the family R s t = R^l. t ■ The tuple 
(s, t) = (si, . . . , s m ,ti, . . . , t n ) provides real analytic local coordinates, the 
hyperbolic metric plumbing coordinates, for the local manifold cover of Ai 
at R, |Mas761 IWol88j and |Wol90l Sees. 2.3,2.4]. The coordinates have 
a special property: for s fixed the parameterization is holomorphic in t. 
The property is a basic feature of the plumbing construction. The family 
R Sj t parameterizes the small deformations of the marked noded surface with 
punctures R. 

We review the geometry of the local manifold covers. For a complex man- 
ifold M the complexification T C M of the M-tangent bundle is decomposed 
into the subspaces of holomorphic and antiholomorphic tangent vectors. A 
Hermitian metric g is prescribed on the holomorphic subspace. For a gen- 
eral complex parameterization s = u + iv the coordinate M-tangents are 
expressed as = + J= and = i-j^ — iJL. For the R s j parameteriza- 
tion the s-parameters are not holomorphic while for s-parameters fixed the 
^parameters are holomorphic; {J- + i£- - i i s a basis 
over M for the tangent space of the local manifold cover. For a smooth Rie- 
mann surface the dual of the space of holomorphic tangents is the space of 
quadratic differentials with at most simple poles at punctures. The following 
is a modification of Masur's result [Mas76[ Prop. 7.1]. 

Lemma 5. The hyperbolic metric plumbing coordinates (s,t) are real ana- 
lytic and for s fixed the parameterization is holomorphic in t. Provided the 
modification v is small, for a neighborhood of the origin there are families 
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in (s,t) of regular 2- differentials <pj, ipj, j=l,. . ■ ,m and r]k, k=l,. . . ,n such 
that: 

1. Each regular 2- differential has an expansion of the form <p(s,t) = 
ip(s,0) + 0{t) locally away from the nodes of R. 

2. For R S) t with t^ ^ 0, all k, {pj,ipj,~nk ^Vk} forms the dual basis to 
rdu(s) di>(s) . 80(8) _ , dO(s) _q_ -_a_T. M 

l dsj + dSj > Z dsj 1 dSj >dt k > l dt k S 0Ver M - 

3. For R s j with t^ = 0, all k, the k=l,. . . ,n, are trivial and the 
{(pj,tpj} span the dual of the holomorphic subspace TDef(Ro). 

Proof. The setting compares to that considered by Masur. The new ele- 
ment: the variation of the plumbing data with s is prescribed by a Schiffer 
variation for a gluing-function real analytically depending on the parameter 
s [W0I88, pg.410]. As noted for s fixed, plumbing produces a holomorphic 
family. Following Masur the families of regular 2-differentials {<Pj,ipj,i]k} 
are obtained by starting with a local frame T of regular 2-differentials and 
prescribing the pairings with {Jjr, Jjr, -^-} [Mas 761 Sec. 5 and Prop. 7.1]. 
At an initial point the basis is simply given by a linear transformation of 
the frame J- . Also the elements of T each have an expansion of the desired 
form in t. The prescribed basis will exist in a neighborhood provided the 
pairings are continuous with the desired expansion in t. We first consider 
the pairings with From ([5|) we have the Beltrami differential for the 
pairing with k = 1, . . . ,n. In particular for a plumbing collar of R S} t 
let z (or w) be the coordinate of the plumbing. A quadratic differential ip 
on R s j can be factored on the collar into a product of (— ) and a func- 
tion holomorphic in z. We write Ck{ip) for the constant coefficient of the 
Laurent expansion of the function factor. From ([6]) the pairing with 
is the linear functional —j-Ck- From Masur 's considerations [Mas 76, Sec. 
5, esp. 5.4, 5.5] the pairing of ■qj- with the local frame J- is continuous 
with the desired expansion, and there are regular 2-differentials {fj^jiVt} 
with: Ct(<pj) = Ci(ipj) = 0, j = 1, . . . ,m; C t {r)%) = 5 ke , k,£ = 1, . . . ,n. The 
2-differentials % = -^ iL ?7^ ; k = 1, . . . ,n have the desired pairings with 
and the desired expansion. The final matter is to note that the pairings of 
{ifj,^j,r]l} with {J^j, J|^} are continuous in (s,t). By construction the dif- 
ferential z>(s) is supported in the complement of the plumbing collars [Wol92, 
Lemma 1.1]. On the support of v{s) the 2-differentials are real analytic in 
(s,t). The pairings are continuous and even real analytic. □ 

We note general matters for consideration below. As above, for z a 
plumbing collar coordinate for i? S) t, a quadratic differential ip can be factored 
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on the collar as the product of (^) and a holomorphic function. The value 
C(V>) is the constant coefficient of the Laurent expansion of the function. 
The surface R s j is constructed by plumbing (R s ) c 2 with the .R s -hyperbolic 

cusp coordinates. The surface R S) t is the disjoint union of (Rs)* c , Rs with 
the cuspidal discs \z*\, \w*\ < c* removed, and annuli {|i|/c* < \z\ < c*}. 

We further note a general matter, the metric-dual map for a Hermitian 
product space. For a vector space V with Hermitian product ( , V a complex 
conjugate-linear isomorphism to the dual space V* is defined by the rule v G 
V is mapped to the linear functional 6(v) = ( , v) G V*. The dual Hermitian 
product (( , \\ for is determined for v ,w G V by (<i(«), <5(w)) ) = (w, v). 
For {uj} a basis (over M or C) for 1/ the dual basis for y* can be expressed 
in terms of 5. For the Hermitian pairing matrix (gjg) = {{vj,vi}) and the 
inverse matrix (g J ), then ^)} is the corresponding dual basis for 

V*. In particular the evaluation of Vk with 6(Eggi vg) is ^(.g^gui = <^jy- 
For the dual basis {v*} of V* the pairing matrix has entries {{ v j, v k)) = 
((5(Z e gJ e v e ),5(Z m g km v m ))) = ^ m g km 9m ^- = g k K The pairing matrix 
for the dual metric is the conjugate inverse of the original pairing matrix. 

We note the particulars for Teichmiiller space and the WP metric. At 
a marked Riemann surface R the tangent space of Teichmiiller space is 
naturally identified with Tt(R), the space of Beltrami differentials harmonic 
relative to the R hyperbolic metric ds 2 |Ahl61] . An element fi of TC(R) is 
given as (i = Tp(ds 2 )~ l for ip = Jl(ds 2 ) G Q(R), an integrable holomorphic 
quadratic differential. The pairing of TL{R) and Q{R) is given by integration. 
For (p,ip G Q{R) the integral J R ^Tp(ds 2 )~ l is both the cotangent-tangent 
pairing of tp and Tp^ds 2 ) -1 and the Hermitian pairing of ip and ip. The 
mapping tp — > Tp^ds 2 )" 1 is the conjugate-linear metric-dual mapping from 
Q(R) to H(R). For {/J,j} a basis for H(R), {Kj} the dual basis for Q(R), and 
the pairing matrix (gjg) = ((/%•, ^) H /p)> the bases are related by T,£gi e K£ = 
fij(ds 2 ). 

We now apply the two-term expansion of Theorem H] for the hyperbolic 
metric to obtain a two-term expansion for the WP metric. The metric 
expansion will be substituted for the original construction of [Mas761 Sec. 
6] to obtain a refinement of the original expansion. In the following the 
Eisenstein series E^ i and E^^ are for the pair of cusps representing the k th 
node. 

Theorem 6. For a noded Riemann surface R with punctures the hyperbolic 
metric plumbing coordinates for R Si t provide real analytic coordinates for a 
local manifold cover neighborhood for M. The parameterization is holomor- 
phic in t for s fixed. On the local manifold cover the WP metric is formally 
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Hermitian satisfying: 



1. For tk = 0, k = l,...,n, the restriction of the metric is a smooth 
Kdhler metric, isometric to the WP product metric for a product of 
Teichmuller spaces. 

n 

2. For the tangents { ^ > ^ > ^ } an d the quantity a = E (log |£fc|)~ 2 



k=\ 

3 



then: £)(.,!) = ^jif^jj P + W; 

Wflis.^) " 0((|t t t / |log s |t*|log 5 |« < |)- 1 ) Sovk + i; 
and for the tangents u = 



5. For u = gj-, represented at R Sj o by fij and d = gj- , g=- repre- 
sented at R Si q by \ii then: 
g WP (u,X))(s,t) = 

n 

g W p(u,Q)(s,0) + ^f- £ (log|ifc|)~ 2 <Mj,M£fc,i + £fc,2)}wp( s . ) 
fc=l 

n 

+ o(E(-iog|t fc |)- 3 ). 
fc=i 

Proof. We develop the expansion of the dual metric for the basis provided 
in Lemma [5j In order to consider integrals we decompose R s j into (R s )* 
and the collars {|i|/c* < \z\ < c*}. We compute principal terms of expan- 
sions and gather remainder terms. From Lemma [5] the variation of the 2- 
differentials ipj, ipjtfk is a remainder term. From TheoremH]for the principal 
term for the hyperbolic metric we have dg\ (l+^§- £(log l^fc I) -2 (-£■&, 1+^,2)) 
on (-R s )* and cZs 2 the plumbing variety metric on the collars. On a collar 
{|t|/c* < \z\ < c*} = {|i|/c* < \w\ < c*} a quadratic differential is consid- 
ered as the product of (4f) 2 = (iJf) 2 an d a function factor. 

The first term. We begin with a model calculation for the hyperbolic 
metric on the plumbing variety 
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L 



{|t|/c*<|z|<c»} 

— / (log i sin- — — ) r ologr 

7|t|/ c „ log *l 

where for a = 0, fi = °^ and e = °^ , * , then 
log |«| log |t| 

= -(-log 3 / %in 2 7r^ = -(-log 3 |i|) +0(1), 

and for a = 1, since | sin^l < |//|, then 
= 0(1). 

We first consider the contribution to the pairing from the collars. Con- 
sider the contribution for the I th collar. By construction % is the unique 
quadratic differential from the dual basis with a nonzero Ct evaluation; as 
above % = — L r\(. In particular = 1 and as above the contribution 

to the self pairing for r\\ for the collar is \{— log 3 | ) + 0(1). In gen- 
eral a quadratic differential on a collar is factored as {^f) 2 {fz + c + f w ) 
for f z holomorphic in \z\ < c, / 2 (0) = 0; c the C-evaluation value and f w 
holomorphic in < c, f w (0) = 0. Furthermore f z , resp. f m , is given 
as the Cauchy integral of / over \z\ = c*, resp. \w\ = c*. From the 
Schwarz Lemma \f z \ < c'\z\m&x\ z \ =Ct \ f\ with a corresponding bound for 
\f w \- The 2-differentials ipj, tpj, rj* k on \z\ = c* + eo and \w\ = c* + eo de- 
pending continuously on (s,t) and so admit decompositions with f z and f w 
uniformly bounded. The uniform bounds are combined with the majorant 
bound | sin^| < to bound integrands for the collars. 

We combine the above considerations and substitute the grafted metric 
dgl for the metric principal term to obtain the expansions 



1 n 

(Vt Vl) wp = -(-log 3 |t fc |)(l + 0(J>g|t,|r 2 )), 

e=i 

(vtVt) WP = 0(l)iovk^£, 
and for a = ipj, tpj] b = ipi, ipg : 

(a, 4) WP = 0(1). 

The pairing (a, b) wp will be considered in the following paragraphs. 
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The second term. We are ready to determine the second-term in the 
expansion for (a, b) wp {s, t) with a = <pj, b = tpg, ip£ and the contribution 
of the Eisenstein series. From Lemma[5]and Theorem|3]a main step is to give 
an expansion in t for the integrals of ab{dg 2 )~ l and ab(£^ 1 + e\ 2 )(dg 2 )~ 1 
over a collar {|i|/c* < \z\, \ w\ < c*}. The goal is expansions with remainders 
at least 0((— log |i|) -3 ) and principal terms with remainders 0(c*) for c* 
tending to zero. 

The expansion for ab is the first consideration. The holomorphic quadratic 
differentials have vanishing C-evaluations and thus on the collars have factor- 
izations o = {^f) 2 {a z + a w ) and b = (^f) 2 {b z + b w ). As above, the summands 
are bounded as |a z |, \b z \ < \z\d and \a w \, \b w \ < \w\d for a suitable constant 
depending on a and b. Now from expansion ([2]), the bound [sin/i| < 1 
and the relation zw = t we have that (|a^b w | + \a w b z \)\^f\ 4: (dg 2 )^ 1 < 

2c' 2 |i | (log |t|) 2 |4f| 2 - Furthermore the meldings are uniformly bounded 
in t. It follows that the integrals of a z b w and a w b z over a collar are bounded 
by 0(|i|(— log |i|) 3 ) with a similar bound on including the meldings. The 
next matter is the contribution of a z b z and a w b w ; we illustrate by consider- 
ing the former. The expansion in t of a and b is the first consideration. The 
summands a z and b z vanish at the origin and are holomorphic in t. The dif- 
ferences a z (t) — a 2 (0) and b z (t) — b z (0) are bounded by the Schwarz Lemma by 
\zt\ < d, again for a suitable constant depending on a and b. It follows that 
|a*(*)M*)llf iWr 1 = |o,(0)b^0)||f l 4 ^ 2 )" 1 +0(c' 2 |t|(log|t|) 2 |^| 2 ), 
again with a similar bound on including the meldings. The integral of 
the remainder term over the collar is 0(|t|(log |t|) 2 ). Overall the z-term 
contribution of ab has integrand principal term a z (0)b z (0)\^-\ 4 '(dg 2 )~ 1 and 
remainder term 0(|t|(— log |i|) 3 )- 

The expansion in t of (dg 2 ) -1 is the next consideration. We proceed 
by separately considering the subdomains {|i| 1//2 < \z\ < c*} and {|t|/c* < 
\z\ < Itj 1 / 2 }. We present an expansion for the first subdomain and an over- 
all bound for the second subdomain. On the interval [0, ^] we have that 
< \i — |/i 3 < sin < [i and thus < /i 2 — sin 2 [i < jr// 4 — jg/^ 6 . We have 
in general from ([3]) that ds^ < dgf < ds 2 . It follows for the first subdomain 
(provided c* < e _1 ) that the quantity (log|2i|) 2 — \^f\ 2 {dg 2 )~ l is bounded 
by (9((log |t|) _2 (log |z|) 6 ). On the first domain we now have the expansion 
a 2 (0)M0)lf I W)- 1 = a*(0)M0)|f Hds 2 )- l +0{d 2 {log \t\y 2 {\og \z\f\dz\ 2 ), 
again with a similar bound on including the meldings. The integral of the 
remainder term over the first subdomain is 0(c*(log |i|) -2 ). We are ready 
to consider the second subdomain {|t|/c* < \z\ < ji) 1 / 2 } where |^| 2 (d<7 2 ) -1 
is bounded by (log \t\) 2 and the integrand a z (G)b z {Q)\^f\ A {dg 2 )~ 1 is bounded 
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by c /2 (log |t|) 2 |<iz| 2 . The integral over the second subdomain is bounded by 
0(|t| (log |i|) 2 ), again with a similar bound on including the meldings. 

We are ready to gather our considerations and present the expansions 
for integrals over a collar 

ab{dg 2 t y l 

{\t\/c*<\z\<c*} 

= [ aMbMl-Wds 2 ,)- 1 

J{\t\ 1/2 <\z\<c*} Z 

+ f a w (0)M0)| — \\dsl)- 1 

J{\t\ 1/2 <H<c*} w 

+ 0(c,(log|t|)- 2 ) + 0(\t\(-log\t\f) 



and 



J {\t\/c*<\z\<c*} 

= I aM~^){E{ l+ El 2 )\-\\dsl)-" 

•^{|*l 1/2 <kl<c«} z 

+ / ^(0)^(4 +El)\^\\dslr 1 + 0((log|t|)- 2 ) 



' {\t\ x /*<\w\<c} 

Observations are in order. The difference between a melding and an 
Eisenstein series E is bounded by c(log|z|) 2 . The meldings can now be 
replaced by Eisenstein series with the additional contributions bounded by 
0(c*). The resulting integrals on the right hand side over {It] 1 / 2 < \z\, \w\ < 
c*} can now be extended to integrals over the discs {\z\, \w\ < c*} with the 
additional contributions bounded by 0( |t| (log |i|) 4 )- The resulting integrals 
on the right hand side are now for functions on domains in R St o- 

The dual metric expansion. We now combine the expansions for the 
integrals over collars with Theorem [5] to find the expansion for the remaining 
pairing 

(a,b) wp (s,t) = (a,b) wp (s,0) 

A 4 n 

" ]T(log |t fc |)- 2 «o, b{E K1 + E ky2 )) wp (s, 0) + 0(c»)) 



3 

k=l 



+ o£)(-log|t fc |)- 



fc=i 
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Observations are again in order. The coefficients of (log |ifc|)~ 2 are indepen- 
dent of c* since the Hermitian products (a, ^>) WP are independent of c* and 
the remainder term has strictly smaller order of magnitude in t. It follows 
that the 0(c*) terms vanish. 

The metric expansion. The final matter is to relate the expansion 
for the dual metric to the expansion for the metric. The first term is an 
immediate consequence of the following Lemma. We consider the second 
term and denote by V the span of the cotangent fields {dsj, dsj, dsg, dsi}. 
For a vector space V with basis {vj} and a family of Hermitian pairings 
( , ) , let A £ = {(vj,V() ) be the variation of the pairing matrix. For a 
variation A e = A + eB, the inverse matrix satisfies (A + eB) -1 = A^ 1 — 
eA~~ x BA~ x + 0(e 2 ) = A' 1 - eA- l B{A t )~ l + 0(e 2 ). As already noted the 
pairing matrix for the dual metric is given by the conjugate inverse matrix. 
We apply the considerations for {ki} the basis for Q(R) with pairing matrix 
gji = Kt) WP ) to find the pairing for the dual basis Hj(dsfy = T,eg^Ke 
for {fJ-j} the dual basis for 7i{R). In conclusion for u = represented 

at R s< q by fij, and = j^L- represented at R S} q by m we have the 
expansion 

g WP (u,t))(s,t) 

47r 4 n 

= gwp(u,v)(s,0) + — ^(log \t k \)~ 2 (vj,M E k,i + E kt2 )) WP (s,0) 
6 k=i 

n 

+ 0(^(-log|t fc |)- 3 ). 
k=l 

□ 

For A a symmetric m + n x m + n matrix 



aji 



...\ 



with Afc, 1 < k < n; 

a>j£, 1 < j < m + n, j 7^ i, 1 < I < n and 
5 = (6j^) a symmetric m x m matrix, 



we consider the situation that A^ , . . . , A^ are large compared to the aj£ and 
bj£. We have the following expansion presented in |Wol03l Prop. 3]. 
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Lemma 7. For det and p = ^ X k then: 

k=l 

n 

det A = det B JJ A fc (l + O(p)) 
fe=l 

and = (ptji) where: for 1 < k < n, a kk = (1 + O(p)); for 1 < j < 
I < n, aje is O^XjXi)" 1 ); for l<j<n<£<m + n, otji is 0(\J 1 ), and 
for 1 < j, £ < m, Uj +n £ +n = b 3 (1 + O(p)). The constants for the O-terms 
are bounded in terms of m + n, deti? -1 and maxjla^l, l^^l}- 

By way of interest we recall the normal form for the metric dg^ p ; the 
result is an immediate consequence of the above Theorem [WolOSj Cor. 4]. 

Corollary 8. For the prescribed hyperbolic metric plumbing coordinates: 

n 

dg 2 WP (s,t) = (4p( S ,0) + Tr 3 Y,(4drl+4d9l))(l + 0(\\rf)) 

k=l 

for r k = (-log \t k \)' 1/2 , 6 k = argt fc and r = (n, . . . ,r n ). 
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